The method of multiple scales is used to derive a nonlinear Schrodinger equation for the temporal and spatial amplitude and phase modulations of TM waves in a perfectly conducting guide containing a nonlinear isotropic medium. This equation is used to show that monochromatic waves are stable if the mechanism producing the nonlinearity is an electric or magnetic polarization and unstable if the nonlinearity is due to electrostriction or magnetostriction. It is also used to determine the amplitude dependence of the cutoff frequencies.
INTRODUCTION
Electromagnetic wave propagation in a waveguide containing a nonlinear isotropic medium was treated by Keller and Millman 1 using a generalization of the Lindstedt-Poincare perturbation technique; they presented numerical results for rectangular waveguides only. Taniuti and Yajima 2 used the method of multiple scales in order to derive a nonlinear Schrooinger equation for nonlinear wave modulation and applied the technique to nonlinear optics. 3 In this paper, we derive a nonlinear Schrooinger equation governing amplitude and phase modulations in a circular waveguide using the method of multiple scales, 4 We follow Nayfeh's treatment of the propagation of a wave packet in a hard-walled circular acoustic duct 5 and use SchrOdinger's equation to study the stability of monochromatic wave solutions. The mechanisms producing the nonlinearity play a key role in deciding the stability of monochromatic wave solutions in much the same way that it characterizes self-focusing and defocusing of laser beams 6 in nonlinear optics.
FORMULATION
We consider a circular waveguide for long-distance transmission of microwave power filled with a homogeneous isotropic nonlinear medium whose constitutive relations are given by D::=E:(IEI)E, B=/l(IHI)H.
The dielectric constant and the magnetic permeability are assumed to have the following isotropic nonlinear functions:
(1) E::= Eo(1 + Ezi EI2 +, .. ),
where Eo and J.Lo correspond to the linear problem while E2 and JJ.2 are the nonlinear indices. We use the cylindrical coordinates p', rp, z' and introduce dimensionless variables p and z by using the radius of the cylinder R as a reference quantity so that p=p'/R and z::=z'/R. We also make time dimensionless by using R and the linear phase speed of the waves in the medium v == (/loEotl 12 so that t = vt' /R is the dimensionless time. 
The boundary condition to be satisfied in the case of TM waves and perfectly conducting walls is To determine an approximate solution for Eq. (3) subject to boundary condition (4), for small but finite amplitudes, we use the method of multiple scales and let
.]
where 6 is a small but finite dimensionless parameter characterizing the amplitude of the wave and 
Substituting Eqs. (5)- (7) into Eqs. (3) and (4), using Eq. (2) and equating coefficients of like powers of 6, we obtain the following for E8: 
Eu == 0 at P == 1.
Here, &p, eq" and e z are unit vectors in the P, ¢, and z directions, respectively 0
SOLUTION
We take the solution of Eqo (B) that is bounded at the axis in the form of a traveling wave packet centered at frequency w and wavenumber k.; that is, we let
where J m is Bessel's function of order m, cc represents the complex conjugate of the preceding terms, and w and kg satisfy the dispersion relationship
Substituting Eq. (11) into Eq. (Bc), we have
To carry the solution to higher orders, we have to determine the remaining field components in terms of Etz. Manipulation of the Faraday and Ampere laws in the set of Maxwell equations and use of the explicit Z 0 dependence [Eq. (11)] leads to the determination of the transverse fields as
The function A is not determined at this level of approximation; it will be determined from the solvability conditions of the second-and third-order problems. 
where F(p) is given in the Appendix and NST stands for terms that do not produce secular terms, 1. eo, terms involving'higher harmonics in 80 Since the homogeneous third-order problem conSisting of Eqso (10c) and (18) has a nontrivial solution, the corresponding inhomogeneous problem has a solution if and only if a solvability condition is satisfiedo
To determine this solvability condition, we seek a particular solution of the form
Substituting this solution into Eqs. (10c) and (18) and equating the coefficients of exp(i8) on both sides, we obtain lJ!== 0 at p== 1. 
To simplify Eq. (24), we differentiate the dispersion relationship [Eq. (12) ] with respect to wand obtain (25) O.R. Asfar and A.H. Nayfeh where k; = dk~/ dw, the inverse of the group velocity. Differentiating Eq. (25) with respect to w, we obtain
Using Eqso (25) and (26) 
Equation (34) shows that the nonlinearity of the medium results in a w~venumber shift from k z to k. To determine whether this shift increas.es or decreases the wavenumber one has to examine the sign of the nonlinear factor A. This depends on the signs of iJ.2 and E:2 which, in turn, depend on the mechanism producing the nonlinearity, a point we shall consider in some detail in the following diSCUSSion on the stability of monochromatic waves.
Equations (30) and (31) can be used to analyze the stability of the monochromatic wave solution, Eqs. (33) and (34) . To do this, we let (35) where ~ and (31 are small compared with the preceding terms. Substituting Eq. (35) into Eqso (30) and (31) and neglecting the nonlinear terms in ~ and (31, we obtain
Since Eqs. (36) and (37) are linear, we seek their solution in the form
where ~ and 13 1 are constants. Substituting this solution into Eqso (36) and (37) and eliminating ~ and 13 1 , we
which shows that if A/k; < 0, k is always real for all values of ~ so that monochromatic waves are neutrally stable. On the other hand, if A/k; > 0, k 2 is negative for all ;; < oa o (A/2kzk:)1/2; consequently, disturbances grow exponentially with 1] and monochromatic waves are unstable. Now, Eqso (12) and (26) show that k: = -k~/k~ < 0; hence, the stability of monochromatic waves depends on the sign of A 0
Apart from the signs of E:2 and iJ. 2 , our unpublished numerical results show that the signs of the coefficients of E:2 and iJ.2 are always negative in the microwave region. As previously mentioned, the signs of E:2 and iJ.2 depend on the mechanism responsible for the nonlinear behavior. Considering a nonlinear dielectric medium, we have the following possibilities according to Ref. 6: (i) nonlinear polarization due to saturation of the electronic polarizability which means E:2 < 0, and hence A/k;' < 0 (neutral stability); (ii) electrostriction gives rise to E:2 > 0, and hence A/k;' > 0 (instability).
In a medium where magnetic properties are dominant the mechanisms responsible for nonlinearity are nonlinear polarization and magnetostriction. The same conclusions regarding stability in the case of dielectric media hold correspondingly in the magnetic case. We thus see how the type of material is important for the question of stability. If both strictional effects and polarization are present in a material, they will compete. Usually strictional effects dominate thereby producing instability 0 Solution near cutoff frequencies Although Eqs. (33) and (34) are valid for a wide range of frequencies, they break down as k z -0 (i. e., near the linear cutoff frequencies) because the wavenumber shift approaches infinity. However, the basic equations [Eqs. (16) and (22) 
